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ON THE ZEROS OF DIRICHLET L-FUNCTIONS. 1
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AKIO FUJIK])
ABSTRACT. A mean value theorem for arg L(%; +i(t +4), X ) =
arg L(}4 +it,X) is established. This yields mean estimates for the number
of zeros of L(s,X) in small boxes.
1. Statement of results. As is customary we let S(t, x)=n"'arg L(%+ it, x),

where the argument is determined by continuous variation on the half-line o+ it,
o> %. If t is the ordinate of a zero then we put

Sz, x) = %(S(z + 0, x) + S(¢ =~ 0, ).
We assume throughout that x is a primitive character mod g. The zeta function
arises from the principal character with ¢ = 1; thus {(s) = L(s, x o), and we write

S() =S, x o).
In 1944 A. Selberg [2] demonstrated that

f: st a = ¢, Hllog log T)* + O, (H(log log T)*-1/2)
provided that T!/24a SHST, 0<ag<, where
@ ‘ (2&)!

C; = e o
b an e
We modify A. Selberg’s approach to obtain our
Main Theorem. Let a,, a, be fixed, 0<a < Yfori=1,2. Lety bea

1/4-4!1 1/2 +a,
primitive character (mod q), and suppose that g < T s T <HLT,and

that 0< b < (H - (H/\VT)1/8), Then
j TH+H(s(s 4 b, ) - S, )2 dt =c H(2 log(2 + b log TH*
T

. (1 + O((AR)**(log (2 + b 1og T2,

where A > 0 is a suitable absolute constant, and c, is given by (1).
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226 AKIO FUJII

Let N(T, x) denote the number of zeros p = B + iy of L(s, x) with 0< <1,
0<y < T, zeros on the boundary being counted with weight one-half. It is well
known (see [3]) that if T > O then

1
+1

T -1
@ N7, xu%,mgg;-%_x(s ) o ST, ) - 50, %) + 0<T

Thus we easily derive the following

Corollary. Under the above hypothesis,

f:*”(N(t + by x) = N, ) dt

b 2k< (log (2 + b log T/ 2))
= H[--log qT) |1+ o((4k)**
<21r °”) ¥ ( ) 2+ hlog T

unless hlog T — 0 as T — oo,

= O((ARY**H) if b logT — 0as T — o

where A > 0 is a suitable absolute constant.

We may remark here that implicit constants involved in O or << in this paper
do not depend on ¢, k and b unless it is written explicitly like O,.

The author would like to express his deep gratitude to Professor Patrick X.
Gallagher for his constant encouragement and many valuable suggestions. Thanks
are also due to Professor Hugh L. Montgomery who kindly read the manuscript
and suggested various simplications for publication.

1/4~a

2. Lemmas. The condition ¢< T ! in the Main Theorem comes from

Lemma 1. Let a;a, be fixed, 0< a < Yfori=1,2. Letx be a primitive
1/4~a 1/2 4a
character (mod q), and suppose that q < T i 2<HLT. Then

Ny(o, T + H) = Nylo, T) = O(H(H/T)1=29Y4 155 T)

uniformly for o in ¥ <0< 1, where Ny(0, T) denotes the number of zeros
B+ iy of L(s, x) with o< B and 0<y<T.

Proof. We will follow the argument of A. Selberg (cf. [2]) and we will state
only the results in each step.

(i) We use A. F. Lavrik’s approximate functional equation in the following
form (cf. [1])

X(n) N\ THU-s+a) X
M- T 250 0()  Tem e It
nsy

nsx M

where
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1
s=0+it, 0<a<1, a=%(1-x(-1), x=AVql|t|/27, y= Z\MM/Z",

q
dy) = (e L T xn)e?™®/ @) ang R, <Valy~7+ 27 g)/2-°) 1og?|4
9 n=1

with ¢'=max(|t|, 1).
(ii) Using (i) if T > 10, \/f <HLT, ry and u, are positive coprime integers
less than T/10, we have for %< o<1,

f.”H |L(o + it, ¥)|? 1 “dt
T ? ™
= X %) [ )= + oy )7 4082 - 20)) e

+0UgD '~ p, log?(gT))

m 1/2 M 1/2
+0 Q;I‘GHTJ((’—‘-:) +(le-) log(qT) - 1og T},

where 7 = \gt/27.
1/2 4a
@i) For T ' 2<HST, 0<a,< %, &€= WHADYA, Y%+ 1/lg£< o<1

1/4-41l
and ¢< T ,

T+H\ Lo + it, )0 + ity |2 dt < H + O(H(HAT)(1-29V/ %),
T X

where ¢i(s, X)= 2, ., (A, /v° )X()and A, is defined as follows: for £ >1 and
%¥<o<landl<v<¢
_ i wp)ulp)
2P<€ ﬂz(P)/¢2o.(p) p<&/v ¢2°,(pl/)

with ¢, (p) = pyzdl o pdyd” for a positive integer p and p(d) is the Mébius
function.
Proof. Same computation as A. Selberg (cf. [2]) leads to the following.

f:”’ |L(o + it, X)ylo + it, x)|% dt

<H+ O(HE'=29) 4 O((gT)1 =42 10g2(4T) « 10g? T)
+0(g' = HT =2 1o (qT) - log* T)

<H + O(H(H/T)1=29V/4) , g(g1-opr'/ 27~ a1~ 1V/8

- log? T - 1og%(¢T))
+ Olg!=THTV/8=972 1504 T, 105 (4T)).
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(1/4-a,)
Hence if < T 1 with a, > 0, the last two remainder terms become

O(H(H/T)1=29Y4) and we get the conclusion.

(iv) Using Littlewood’s lemma (cf. p. 106 in 2]) we get our conclusion.
Q.E.D.

Let a(p) be a real or complex valued function of prime numbers p. For sim-
plicity we write
|alp)|2*

a

F(x)= ¥

p<x 14

for a real number a.

Lemma 2. Assume that F (x)<<1 fora >2. Then

, dp)dp)) e dp)alp, ) e-alpy,)

p<x VOPy et Dybrar o

k!Fl(x)" + O(k!Fl(x)”("'z)) if Fi(x) — o0 as x — oo,
T o) if Fi(o) <1,

where in 2;.« we sum over all primes P, <+, p,, satisfying p, +++ p, =

Byt *+* Dy @nd p,<x for i=1,2,+++, 2k, and ou(k - 2)= max{0, k- 2}.

Proof. The expressions of k by the sum of n natural numbers can be ordered
lexicographically when we identify two expressions up to permutations. Let
ak(n) be the number of such expressions. ‘Let ®(k - b, "b) be the vbth expression
(‘:1’ €p°°y ck-b) of k by the sum of k- b natural numbers; k = Cp+Cy+ecc+

Chb’ Let
2 2 2
, alp )l alp )l 2 eee lalp, ) B2
A =X
k=6, €1 kb
’i<x pl eee pk-b

’

D <x ' Prop
p;<xfori=1,+++, k~bwhenever p,,°°*, p,_, are all different, and

(c1s €0ty Crop)= Ok - b, v,). Also let

for v, =1,2,+++, 0, (k- b), where in 3 we sum over all p, ¢+« with

A =F (X)F (x) «ee F (x)
k-b.vb cl €2 ck

2c 2c
lalp)| ! la(p)| ™ %-%
= Z _:l__ cee 2 _

p<x p p<x Pck-b
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Now

zfthh%uthh”%uth=z*MAWH-M&W

’i<" Vplpz... sz ",’<" Ploon pk
1
o k=1 Tplk=d)

-Z X Ge-bm, .
b=0 Vb:l
b
Sk-1 2 k=t . Substituting

We remark that Alz-b.vb = Ak_b.yb A LY vy =l kb’

this into the above, we get

k-1 o, (k=5)
- k y
M=kF*+ 3 (-8 k-01 I A-by,
b=l ngl
since xk.vo = (Ep«.la(p)lz/p)" = pl(x)", Now by the assumption if F,(x) — e
as X — oe
@) A <K F(0°v%®=2) for 1<b<h-1.

k-b,!'b
Hence it is enough to show that

®). (-8 - (k-0 <o (k-8 < (k-1

for b=1,2,%*+, k~ 1. Moreover it is enough to estimate this for sufficiently
big k. We define o(n) by

%"

Ty =X ak(n)x";

k=n

then 0, (n) < a,:(n). Since

- (k-1
(1-2" o (= Dk~ )

?

0, ()< o (n)= (k=1)1/(n= D! (k - n)l. Now (3)is clear for b<<1ork-b<<1.
In other cases since (k- b)% < b! for sufficiently big k,
(k- 1)!

GG D kb

6= B« (k= B0, (k- B)] <

<k = DUk - /b1 < (k= DL,

Hence by (2)and (3) (1) = k!F (x)* + OkIF, ()" *=2), ¥ F ()<< 1,
Ak"’"’b <<1for 0< b< k-1. Hence we get our conclusion. Q.E.D.



230 AKIO FUJH,

Lemma 3. Assume that F (x)<<1 for a>2 and F,,(x) << x° with some
positive c. Then for x = T(“Z*%)/z“‘“)

T+H ap) |*
f Im Z l/2+1t

(X P

[
L « )"+O 2k' HF ( xovk=2) ¢ F(x) > as x — oo

2%y - Zk g

= { O(k*H) if F (<1,
0(k*A 2k H) ~ aluays,

where A satisfies |a(p)| < A log p/logx for any p< x.

Proof (First case). We write

ap)
=2 1/2+it’
b<x P
and
ap) -7
Im Z l/2+u 2i
p<x D
and
adp) | 1 2 _uf%% T+H p—2p-
llm Z 7w pl/2+it ’?Ibzo("l)k ’ b 'J.T* Pkt ar

=_ Z 1)k "( ) p dpy) .-« dp)alpy, ) - "(sz)f'rm(t’bu sz)“dt’
blo b b<x m T pl cee Pb

¥ pb+1"°P2k'épl'"Pb’
f‘rm ?b+1"'?2k a- ol b+l°"
T pl...pb

Hence for b £ k,

f:m AT = O(PF () 7) = 007+ *)) = OCH).

X b = k, we get by Lemma 1

T+H
fr | 2% ds = sz;‘
i

= 0(x2F),

apy) oo dp)alp, ) ooe dpy)
byeee pk

+ O(H)

= k!HFl(x)k + O(HR!F(x)ovk=2)),
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where the meaning of 2: <x is the same as in Lemma 1. Hence
i
f T+H

2%k
1 (2% &
dt = Eﬁ(k )Hk!Fl(x)
1 f2k
o 1 ov(k-2)
+ 0(2 o7 (k)Hk.Fl(x) )
2k
2k
+0 —il-e- 2 ( )H)
2%k _0bak \O
2k! 2k! 2K 4 (yovth-2)
2 kgt 2k g1

(Other cases). For b £ k, f;r.”’rb?z"'bdt = O(H) as above. For b = k,

alp)

1/2+u

o T i

a(P)-.-a(p )a(P )"’ ( )
Ji a2 ;l...k;l TP, o) - o)
b;<x k

by Lemma 1. Hence we get the second part. The third part comes from Lemma 4
below. Q.E.D.

For x > 2 we define (see p. 47 of [3]) a number o,(t) by

ax(t) = 0‘(x. t) = l/2 + 2 M;X(B - 14’ 2/log X)y

where p =B+ iy runs through the zeros of L(s, x)for which |t — y|<
x36- l/2)/ log x.

Now modifying A. Selberg’s arguments (i.e., Lemma 12 on p. 21 of
[21and Lemma 13 on p. 123 of [2]) we get the following two lemmas. We omit these

proofs. We use Lemma 1 to prove Lemma 4. The condition on » in the Main Theo-
rem comes from Lemma 4.

Lemma 4. Under the same hypothesis as Lemma 1, for € satisfying 1 < €<
8 4nd x3¢2 < (H/ﬁ)lu, forvin 0K v< 8k, and for b= h(T)< H- HATV?®

k
oxlt+h)=1/2 HAD!
ST Gl -9 dt < —

(log ¥

9

where A, is some positive absolute constant.

Lemma 5. Let H>1,1<y< H'® and |a(p)| < A log p/logy for p< y and
la’(p)| < B for p<y. Then

I

2k

i o((42x)k Ak H)

Z Pl/2+il

b<y
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and

a'(p)

l+2

"‘H

where Al’s are some positive absolute constants.

dt = 0((BZR)* A% H),

3. Proof of theorem. We need the following expression for x > 2 due to A.
Selberg (cf. [3]):

5
St x) - 2 Im z f‘ff) - ¥ oBW),
i=1

p<x
where

AQ) - A_(p)
Bl(t)=' ) -—p-—.—i-x(p),

B.(8) = (0y(8) = %) log %,
3 pl/2+rt 108 P 2 X 8

p<x
A (eDxp?
B (1) = (0)(8) - %) log(g(1 + |£])), B (1) = — ],
50 = (ol oglg(l + || 4 23/2 ST 7 g
p<x
A _(p) log(xp)
a’x(t)"l/z 00 1/2-0 ' 8
By(0) = (0(0) - ¥)x | D
p<x
and
A, (n) = An) if 1<n<«x,
- Al )(log x3/m)? - Alog x2/n)? if x<n<s?,
2(log x)z
=N )M if x25n5x3.
Alog x)?

For simplicity we write

I/l = (J';WH |/(l)|2hdt)l/2k.

. k
We use the above expression for x = 772/ .

Now

A 50 st b x) - 6 20 - 1 (0 = }: o(B (z+b»+z; 0(B (),

i=1 i=1
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where { ;@) =n""Im3 ,a(@)/p™") with a(p)=x(p)(e="'°8 ? _1). By
x

p<x
Lemma 5 (B, + b)) << kY2HY2* and ||B ()] << kY2H"?* for i = 1 and 4. By

Lemma 4 with £ =1 and by the assumption on g, ||B(¢ + h)|| << RV/2gV/2k gq
B << k2H'2% for i = 2 and 3. By Lemmas 4 and 5 as on p. 126 of [2],

1Bt + Bl < k3/2H1/2% and | B0 < &>/ 2H/ 2%,

a_/60k
Hence for % = T 2 ) 1A 3(,)" << k2 l/2k. For T¢2/20k< I/k
a(p)
"Ax(t)" < “A a, /2 Oh(t)“ + Z 1/2 +it
T 2
a /20k

(a,+%)/2k(c*1) . ) )
Hereafter we take x = T » Where c is some nonnegative constant satisfy-

ing F%(x)= 2p<xa(p)/ﬁ<< %€,

Now in using Lemma 3 in our case

|e=iklog o _ )2 1 - cos(h log p)
Fila)= 3 =2 )
p<x . p<x

d(log £+ O(1)

) l-cos(hlogp)logp ® < 1= cos(h log &)
- ,(Zx log p b fi log &

since EP < log p/p = log € + O(1). Hence

blogx 1 - cos u
i -2 fPlons Locos

du + O(1) = 2 1og (b log x) + O(1).
Hence if b logT — ccas T — oo, then F,(x) — e and by Lemma 3

17, (D12 = ABDHF ()* + O(RHF ()ov k=2,

Hence

1S + by 30 = e, 0017 = 14 (D) + 1 ()]

= c(RYH(2 1og (b log T + O((AR) ** H(log (b log TI*=1/?)
if hlogT —ocas T — oo,
If hlog T<<1, using Lemma 3 again we get similarly
IS(z + B, X) - S(e, )| 2* < (AR)4%H.

Hence we get our conclusion. Q.E.D.
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4, Concluding remarks. We can get mean estimates of 2 025 bm)gO)S (e + bmy X)
similarly as we did in $3, where (0),¢++, b(L) are real numbers and g(y) is a
complex number for a character ¥ modg. Instead of describing a general theorem

to tlns} we will gnvle/ only some examples of this. We always assume that
1/4=a 2
1

q9<T and T e ZSHSTforafxxedalandazm0<ai5/$forz=1,2.

[ (z' s(s, x))z" dt = c(BH(g) - D?*(log log TI*
X
6)
+ 0,(H(g(g) - D%~ Nlog log T2,

where in 2; X runs over all nonprincipal characters mod 4.

’ ’ 2k
fr“"(z: S+ by X) = XSG, x)) dt
X X

@ = (B} (@) - D**H(2 10g(2 + b log T)*
- (1+ 0((AR)**((q) - D~ 1log(2 + b log 7))~1/2)

uniformly for b satisfying 0< h< (H - (H NTHV8), where A is some positive
absolute constant.

S(ta ) + S(t + h, ) 2k
(iii) f;’:"”( X 3 X dt = ckH(log log D* + Ok(H(.log log Tk~ 172

if hlogT — 0as T — eo,

(iv) For any A satisfying A logT — 0as T — oo, there exists a function
®(T) satisfying ®(T) — was T — o such that

k
)z m(lZ-f £, x)du) dt = c, Hllog log T* + 0 (Hllog log T)*/&(T)).

T+H t+A
fT (A(qS(q) —g- Z f S(z, x)du) dt

= ¢, Hllog log T + 0, (H(log log T)*/®(T)).

@ fT*H s, 0% di = c(WHliog log T)* + 0, (Hllog log TI1/2).

REFERENCES

1. A. F. Lavrik, An approximate functional equation for Dirichlet L=functions, Trudy
Moskov. Mat, Ob3%. 18 (1968), 91-104 = Trans. Moscow Math. Soc. 18 (1968), 101~116.
MR 38 #4424,



ON THE ZEROS OF DIRICHLET L-FUNCTIONS. I 235

2. A. Selberg, Contributions to the theory of the Riemann zeta-function, Arch. Math.
Naturvid. 48 (1946), no. 5, 89-155. MR 8, 567.

3. ———— Contributions to the theory of Dirichlet’s L-functions, Skr. Norske Vide
Akad. Oslo I 1946, no. 3, 2-62. MR 9, 271.

SCHOOL OF MATHEMATICS, INSTITUTE FOR ADVANCED STUDY, PRINCETON, NEW
JERSEY 08540



