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ON THE ZEROS OF DIRICHLET L-FUNCTIONS. I
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AKIO FUJII(l)

ABSTRACT. A mean value theorem for arg L(Vi + i(t + h), X ) -

arg L(Vi +it,X) is established.   This yields mean estimates for the number

of zeros of L(s,X) in small boxes.

1. Statement of results. As is customary we let S(t, y) = rr"   arg L(% + it, \\

where the argument is determined by continuous variation on the half-line a+ it,

a>xA.  If í is the ordinate of a zero then we put

S(t, X) = H(S(t +0,x> + S(t - o, x)).

We assume throughout that y is a primitive character mod q.  The zeta function

arises from the principal character with q » lj thus £(s) = L(s, y0), and we write

5(í)=S(í,x0).
In 1944 A. Selberg [2] demonstrated that

fT*HS(t)2kdt = cfcMlog log T)k + Ok(H(log log T)*-1/2)

provided that T1/2 *"<H<T, 0 < a < XA, where

a) V-^-
*    (2ir)2**!

We modify A. Selberg's approach to obtain our

Main Theorem. Let a., a    be fixed, 0< a. < lA for i = 1,2.   Let x be a
'"    1/4-a 1/2 + a

primitive character (modq), and suppose that q <T ,T < H <T, and

that 0<h<(H- (tf/vT)1/8). Then

Jr *H(S(t +h,x)~ SU, X))2* dt =ckH(2 log(2 + h log T))k

. (I + <X(A*)3fe(log(2 + h log T))-1/2)),

where A > 0 is a suitable absolute constant, and c,   is given by (1).
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Let N(T, y) denote the number of zeros p = ß + iy of L(s, y) with 0 < /S < 1,

0 < y < T, zeros on the boundary being counted with weight one-half.  It is well

known (see [3]) that if T > 0 then

(2)        MT, X) = L log g -1 - *£ + S(T, X) - 5(0, X) + 0.(J^J.

Thus we easily derive the following

Corollary.  Under the above hypothesis,

fT*"(N(t+h,X)-N(t,x))2kät

unless h log T —» 0 as T —» 00,

= 0((Ak)4kH) if h logT -» 0 as T — «

where A > 0 /sa suitable absolute constant.

We may remark here that implicit constants involved in 0 or « in this paper

do not depend on a, k and A unless it is written explicitly like 0, •

The author would like to express his deep gratitude to Professor Patrick X.

Gallagher for his constant encouragement and many valuable suggestions.  Thanks

are also due to Professor Hugh L. Montgomery who kindly read the manuscript

and suggested various simplications for publication.

1/4-a
2. Lemmas. The condition a < T in the Main Theorem comes from

Lemma 1. Let flj, «2 be fixed, 0 < a¿ < A for i = 1, 2.   Ler y be a primitive
1/4-a 1/2 +a

character (moda), a72«' suppose that q<T , T z <H<T.   Then

Nx(a, T + tí) - iVx(ff, T) = 0(H(/7/Vr)(1-2cr)/4 log T)

uniformly for a in A £°"5: ^> wbere Nx(o, T) denotes the number of zeros

ß+ iy of L(s,x)with a< ß and 0<y<T.

Proof. We will follow the argument of A. Selberg (cf. [2]) and we will state

only the results in each step.

(i) We use A. F. Lavrik's approximate functional equation in the following

form (cf. [1])

yin) N/aV/2-*nM(l-s+a)) xT7)
'* = £ T+dx) W       n^,+a)) £ ^+ V

where
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s = a+it, 0<a<l, a=^(l-><<-l)), x= \\/q\t\/2n, y = -\Jq\t\/2ir,

dx) = (-Da—Zx<n)e2m{n/^   and    R%y « Vfo"** *°~Kqñ1'2-*) log2|í|

with /'= max(|/|, 1).

(ii) Using (i) if T > 10, y/f^H^TfP^^ and /*2 are positive coprime integers

less than T/l 0, we have for Vi < o < 1,

IÏ"\U«+it,x^*

= XW3&2) £+H {(p1P2)-<TC(2o) + (-Jl/i2)"-1r2-^£;(2 - 2a)| A

+ 0((?T)!" ^^2 log2(?T))

l-o-UT-2+ Ol?1-af/T

where r = \Jqtl2rt.

(iii) For T   2 +°2 < H < T, 0< «   < % £ = (H/Jr~)1/4, M + 1/log ¿j < ct< 1
1/4-«,

and q < T 1,

f*+H \L(a+it, *)#*+ it, X)\2dt <H+0(H(H/y/T)<l-2<x)/4),

where i/r(s, y)= ^v<a^vA's )x(i/) and Ay is defined as follows: for f> 1 and

H < a < 1 and 1 < v < rf

A   =___ZÜ_    V  ^-"^
V=2p<íít2(p)/cA2>) pZv^pà

with <f>y(p) = p^S^i   p(d)/d'  foi il positive integer p and p(d) is the Mobius

function.

Proof, Same computation as A. Selberg (cf. [2]) leads to the following.

ÎT+H\L(o+it,x)<lA°+it,xï\2dt
JT

<H+OiHe-2<T)+Oi(qt)l-"^-^log2(qT) . log2 T)

+ (Kqi-'HT-"'2 log(qT) . log4 T)

<H+CiH(H/jT)<l-W<)+ Ciq'-°HTn-a-l2al~W*. log2T. Iog2(9fl)

+ 0(ql-aHT1/8-°/2 log4 T . log(?D).
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d/4-«.)
Hence if a < T with a^ > 0, the last two remainder terras become

0(MH/VT)(1~2<r)/4) and we get the conclusion.

(iv) Using Littlewood's lemma (cf. p. 106 in [2]) we get our conclusion.

Q.E.D.
Let a(p) be a real or complex valued function of prime numbers p.  For sim-

plicity we "write

»£X P

tot a real number a.

Lemma 2. Assume that F Ax)« 1 for a > 2.   Then

#  ApjAp2) ... a(pfc)a(pfe + j) • •• a(p2i/

p,-<*       y/PiP2"m PhPk*i'"p2k

!klFAx)k+(Ak\F Ax)ov (k~2))    if F Ax) -4-isx-.«,

0(k\)    if F Ax) « 1,

where in 2   <x we sum over all primes p , • • •, p . satisfying p   •••/>. =

pi+1 ••• p2k and p. <x for i = 1, 2,-", 2k, and ov(k- 2)= max|0, *-2|.

Proof. The expressions of ¿ by the sum of 72 natural numbers can be ordered

lexicographically when we identify two expressions up to permutations.  Let

o¡An) be the number of such expressions.   Let í>(/k- b, v.)be the v.th expression

(cj, c2," •, ck_b) of t by the sum of k — b natural numbers; ¿k « c, + c, + ••• +

ck-b'  **«

Ak-b,v. = ¿2
, Wptf'Mprf*2'-\Apk_b)\2Ck-b

b
"i fi   •'• rk-b>.-<* Pi' — Phlï

fot v. » 1, 2,«••, er. (* - b), where in 2   <x  we sum over all p , • • •, p       with

p. < x for 2 = 1, • • •, k - b whenever pj, • • •, p., ate all different, and

(Cj, c2,"', ct_fc) = í>(*-i>, vfc).  Also let

l4v=F   (*)F„ (x)... F        (x)
k-b,vb        Cl        c2 cfc_t
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Now

* aip^)a(p2) ... ö(pJt)a(pfe + 1) ... a(p2¡) „, laipj]2 ... \a(pk)\:

p.<x VPiP2 *•• P2k Pi<x Pl'"Pk

(1)
A-l "V*"»

= Z    Z   <a-«iv,-
fc =0       ub.l

We remark that A.   .       = A + ÏV*      ¿ * A       ,       . Substituting
k-b,v, k~b,v,        b _j,+i    »Vi =l k-b ,v.i

'b        "—"'b
this into the above, we get

*-l <V*-¿)

(1) = AIF-Cx)* + £ (6 - A) . (A - 6)1     £      Ät_fc „
6 = 1 v6 = l ' è

since Jfc v « (2      |fl(p)|2/p)* = Fjíx)*. Now by the assumption if Fj(*) -» »'0

as x —► o»

(2) ^-fr.v   <<FiW°t'(fe"2>    far 1 <*<*-!.

Hence it is enough to show that

(3). (b - k) . (k - b)\ « ak(k - b) « (k - 1)!

fot b = 1,2,'", k-l.  Moreover it is enough to estimate this for sufficiently

big k. We define o'kM by

= Z *>)*";

then a (n)<a'k(n). Since

(1-x)»     £

= z
(l-x)""4t(«-l)!(*-«)!    '

°kM< o',An)= (k -l)!/(n- 1)!(k - «)!.  Now (3) is clear for b « 1 or k - b « 1.

In other cases since (k - b)  < b\ for sufficiently big k,

\(b -k).(k- «la. (A - b)\ < 7-Üfil!--(A - ft)! • (k - b)
* "(A-è-l)!(A-A+i>)!

< U -DK*-*)2/« <(*-!>!.

Hence by (2)and (3) (1)= AlF/x)* + 0(klF1(x)ov{k-2\  Jf F^x)« 1,

AA_ft v  « 1 for 0< b < k- 1.  Hence we get our conclusion.    Q.E.D.
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Lemma 3. Assume that Fa(x)<< 1 for a>2 and Fl/2(x)<< xc with some

positive c.  Then for x = T(a2+1^)/2fe(c+l)

/.

T+H

T
Im L "771777

p<x   P

2k

dt

HLhfAx)* + o(j™-HFAx)ov{k-2\    if F Ax)
2kk\     -1 \22kk\      ' )

if F Ax) «I,

oo as x —> oo,

= < 0(kkH)

0(kkA2kH) always,

where A satisfies \a(p)\ < A logp/logx for any p<x.

Proof (First case). We write

Ap)
T=   2-     i/2+ít'

p<x   P

and

and

i   v   dp)*" 2: -T73T77
p<x P

2k        ,     2k

2—

_        Ap) T-T

** 22 -T/i7rt = ̂ r
P<x   P

2k

JpJ7---p2k V Pi — Pb )

V (    l+->(2*\ V   dpl)'"dPb)dPb*l) "• dP2h) ÍT+h/^+I — P2kY

p<x

XPb+l—Pik^Pl—Pb'

Hence for b 4 k,

log
Pb*l"'P 2k

Pi'-' Pb
0(x2k).

fT+HTb72k-bdt=0(x2kF1/2(x)2k)=0(x2k<1*c)) = 0(H).

If b = k, we get by Lemma 1

I-      M kdt=HY-+ 0(/7)

P,<*

= ¿1/iFjU)* + 0(WiHF(x)o,'(k-2>)f
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where the meaning of S   <x is the same as in Lemma 1.   Hence

rr
p<x P

2k
1   (2*\

■"-2S\t)HkW'^

= Jti-HFAx) + o(j^-HFAx)°^k-2\-
22kk\      ' \22kk\      l J

(Other cases). For b 4 k, f"Jr+HTbT2k~bdt = 0(H) as above.  For b = A,

fr+Hl  12*,,      „ V-* a{Pl)-'-a(PkUh + i)---a{p2k)
h       ''I     dt=HL    -T—J,-+ 0(H) = CikW)

P{<*

by Lemma 1. Hence we get the second part.   The third part comes from Lemma 4

below.    Q.E.D.

For x > 2 we define (see p. 47 of [3]) a number <?x(t) by

crx(i) = axU /) = M+2Max(0-M, 2/log x),
P

where  p = ß + iy runs through the zeros of   L(s, ^) for which |i - y| <

x ^~     /logx.  Now modifying A. Selberg's arguments (i.e., Lemma 12 on p. 121 of

[2] and Lemma 13 on p. 123 of [2]) we get the following two lemmas. We omit these

proofs. We use Lemma 1 to prove Lemma 4.  The condition on h in the Main Theo-

rem comes from Lemma 4.

Lemma 4.  Under the same hypothesis as Lemma I, for £ satisfying 1 < f <

x8* and x3¿j2 < (H/y/f)lM, for v in 0 < v < 8A, and for h = h(T) < H - (//A/t)1/8,

TT+H ,^°-v(í+ü>)-l/2 r7A*v!
11     text*+h)- M€ dt « ——'
Jt X (log x)v

where A.  is some positive absolute constant.

Lemma 5. Let H > 1, 1 < y < Hl/k and \a(p)\ < A log pi log y for p < y and

\a'(p)\ < B for p < y.  Then

Í"Jo

a(p)

¿-   ftl/2+ii
P<y P

2k

dt = 0((A2k)kA\H)
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Jo
r *p)¿*   ¡¡,1 + 2,-i

P<y P

2k

dt=0((B¿k)kA\H),

where A   's are some positive absolute constants.

3. Proof of theorem. We need the following expression for x > 2 due to A.

Selberg (cf. [3]):

*'.*)-> I ~- io(Bit)),
3  " i= 1

p<x

where

B,G) =
\(p)-\x(p)

2-   -T777J7-M
3 p1/2 + "logP

p<x

B2(t) = (crx(r) - A) log x,

BAt) = (ax(t) - A) log(?(l + |/|)), BAt) =

BAt)-(ax(t)-A)x^l)-in
J 1/2

2-0-

\(p2)x<P2)

3/2P1 + 2í'logP

y(p) ab-

p<x

\(p) log(xp)

P<x
3 ?

o- + ft

and

A (72) = AW if   1<»2<X,

., ,(logx3/72)2_2(logxVn)2 ....   2
= A(n) —2-2- if x < 72 < x ,

2(log x)2

M* (log x*/n) .,    2 ̂     ^3
72)—2- if x   <n<*.

2(logx)2

For simplicity we write

1/1 -(f™ i/wia*)"a.

We use the above expression f or x = T 2

Now

A jG) d=ef S(t + h, x) - At, x) - / 3(i) = Z <*J*M + *» + E 0(Bf(i))>
1=1 i=l
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where /,(/)= n"1 Im 1      , a(p)/p^Ht) with «(/>)- *(»(«-'* l°* P ~ D-   By
x p<x

Lemma 5 ||B ,.(i + h% « k1/2H1/2k and ||ßf(/)|| « kl/2Hl/2k for i = 1 and 4.  By

Lemma 4 with f = 1 and by the assumption on q, \\BXt + h)\\ « k1/2H1/2lt and

||B .(0|| « k2Hl/2k fot i = 2 and 3.   By Lemmas 4 and 5 as on p. 126 of [2],

||B5(i-+«||«A3/2//1/2*    and    \\BAt)\\ « ki/2H1/2k.

a, /60A 0„/2OA
Hence for* = T2        , ||A  3(/)|| « A2/7I/2\  For T 2"°* < * < H1'*,

llallí M   a,/2 0*W|l +
«(P)

1/2 + ÍÍ
.,,'2 0*       _       ^

T 2 <t><*

« A2H1/2* + A1/2H1/2* « k2H1/2k    by Lemma 5.

(a   +H)/2*(c + l)
Hereafter we take x = T , where c is some nonnegative constant satisfy-

ing F^(x)=2p<xa(p)/yfj« xc.

Now in using Lemma 3 in our case

,,      „  |e-'7,lo«<,-l|2 l-cos(Mogp)

p<x e p<x

m l-cos(Mogp)logp        fx 1-cos(Mogdj) e

since S      .. log p/p = log f + 0(1).  Hence

logf

FI(x) = 2P1°-
1 - cos u

du + 0(1) = 2 log (h log x) + 0(1).
'0 a

Hence if h log T —» » as T —» », then Fj(x) —» <» and by Lemma 3

||/x(/)||2* = c(A)//Fj(x)* + 0(c(A)HF ■ix)0"«-2').

Hence

||50 + /,,X)-5(í,^||2* = ||Ax(l)+./x(í)||2*

= dk)H(2 log(A log T))fe + 0((AA)4*/V(log(/. log T))*"1/2)

if A log T —» oo as T —♦ m.

If h log T « 1, using Lemma 3 again we get similarly

\\S(t+h,x)-S(t,x)\\2k«(Ak)4kH.

Hence we get our conclusion.    Q.E.D.
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4. Concluding remarks. We can get mean estimates of 2 _02xb(m)g(x)$(t + hm, x)

similarly as we did in §3, where b(0), • • •, b(L) ate teal numbers and g(x) is a

complex number for a character x moda.  Instead of describing a general theorem

to this, we will give only some examples of this.  We always assume that
1/4-a, 1/2+a,

q<T x and T 2 < H < T tot a fixed a} anda2 in 0< a. < A fot i = 1, 2.

J^+H fe' &> xA" àt = Ak)H(<p(q) - l)2*(log log D*

(i) ^ '
+ oAH(cAq) - D^-Hiog log r)*-1/2),

where in 2X x runs over all nonprincipal characters mod a.

S^Hks(t + h,x)-ts(t,x)\2kdt

(ii) = Ak)(<pAq) - D2kH(2 log(2 + h log T))k

. (1 + 0((Ak)ik(<f>(q) - I)"'(108(2 + h log T))-1/2))

uniformly for h satisfying 0 < h < (H - (H/\T)     ), where A is some positive

absolute constant.

(iii)j? + " (^^"f^'^ dt - c.Mlog log T)k + 0,(Mlog log T)k^2)

if /b log 7 —» 0 as T —» ».

(iv) For any A satisfying A log T —* 0 as T —» oo, there exists a function

$(T) satisfying <J>(T) —» oo as T —» ~ such that

/t+H (-JI**** x)d")2k dt = c*H(l0ß log T)k + °fc(H(l°« lo« rt*/*(T)).

= ckH(log log T)fe + OAHdog log T)fe/«I)(r)).

(v)      J*+H S(t, X)2kdt = Ak)H(log log D* + Ofc(H(log log T)k~l/2).
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